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We derive an index theorem for zero-energy Majorana fermion modes in a superconductor-
topological insulator system in both two and three dimensions, which is valid for models with
chiral symmetry as well as particle-hole symmetry. For more generic models without chiral
symmetry, we suggest that Majorana zero modes are classified by Z2.
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Majorana bound states have recently been attracting much interest as elementary ex-
citations obeying non-Abelian statistics.1) They have been predicted in ν = 5/2 quantum
Hall effects,1) p-wave superconductors,1–5) topological insulators with the proximity effect of
s-wave superconductors6) as well as of ferromagnetic insulators,7) s-wave superfluids of ul-
tracold fermionic atoms,8) vacuum states of superfluid 3He-B,9) superconducting states in
graphene,10) and massive Dirac equations in magnetic fields.11) Recently, Teo and Kane12)
have proposed a model of superconductor-topological insulator systems in three dimensions.
They have shown that the third Chern number, which is a topological invariant for three-
dimensional topological insulators,13) reduces to a winding number of order parameters on
a two-dimensional sphere surrounding a pointlike topological defect. This suggests that the
Majorana zero modes have a topological origin and are stably protected from perturbations.
This property may play a crucial role in the application of Majorana zero modes to topological
quantum computations.14, 15) Along this line, Tewari et. al. have established a theorem for the
existence of Majorana zero modes in chiral p-wave superconductors5) and in spin-orbit-coupled
semiconductors.16)
In this paper, we derive an index theorem for the Majorana zero modes in a model of
superconductor-topological insulator systems. To be concrete, we establish the relationship
between the sum of chiralities of the Majorana zero modes and a topological invariant asso-
ciated with order parameters. This indicates that the Majorana zero modes in such systems
are stable owing to their topological origin. When we derive the above index theorem, we use
a simplified model that has not only particle-hole symmetry, as the Bogoliubov-de Gennes
Hamiltonians should have, but also an additional chiral symmetry. We next discuss the effects
of chiral symmetry breaking perturbations, especially those of the chemical potential term.
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We suggest that the number of zero modes is classified by Z2. Namely, only the evenness or
oddness of the number of zero modes in models with chiral symmetry is invariant under chiral
symmetry breaking perturbations. This is consistent with the results obtained by Tewari et.
al.5) Finally, we present a concrete zero mode wave function for the Fu-Kane model6) in both
the cases of µ = 0 and µ 6= 0.
Let H be a Hamiltonian defined by
H = iD = iγj∂j + γ
aφa, (1)
where j = 1, · · · , d and a = d + 1, · · · , 2d, and γµ (µ = 1, · · · , 2d) are γ matrices in 2d di-
mensions {γµ, γν} = 2δµν . φ stands for a set of order parameters. This Hamiltonian has been
introduced by Kane and his collaborators6,12) as a minimal model describing superconductor-
topological insulator systems. In the case of d = 2, φ = ∆0(r)(cos θ, sin θ) is the model
proposed by Fu and Kane6) to study a Majorana zero mode in a vortex of an s-wave super-
conductor, where (r, θ) are the polar coordinates in two dimensions. In the case of d = 3,
φ = (Re∆, Im∆,m) describes generic superconductor-topological insulator systems studied
by Teo and Kane,12) where the region m < 0 corresponds to a bulk topological insulator, with
the proximity effect ∆ 6= 0 induced by a superconductor. If φ 6= 0 is constant, the spectrum of
the Hamiltonian has a gap, describing a massive Dirac particle. Even with a more generic φ
that is not spatially uniform, the spectrum may still be massive. However, if φ has a topolog-
ical defect, there appear bound states around it. In particular, it has been shown6, 12) that the
present model (1) can admit generically bound states sitting exactly at zero energy. To study
such zero modes bound to a pointlike defect, we assume that away from the defect located at
x = 0, the asymptotic form of the order parameter φ is given by
|φ| → φ0 = const. (|x| → ∞). (2)
The explicit expression for γ matrices is not necessary,17) but we have to arrange them to
obey CγjC−1 = γj and CγaC−1 = −γa, where C (C2 = 1) is the anti-unitary operator17)
describing particle-hole symmetry. Therefore, the Hamiltonian (1) has particle-hole symmetry,
CHC−1 = −H, (3)
as it should be in the case of the Bogoliubov-de Gennes Hamiltonians. The wave function
of the zero modes can be chosen such that ϕ0,i(x) = Cϕ0,j(x), which has been referred to
as a Majorana fermion mode. Another symmetry of the Hamiltonian (1) is chiral symmetry
denoted by
γ5Hγ5 = −H, (4)
where γ5 = (−i)
dγ1 · · · γ2d with the property Cγ5C
−1 = γ5. It should be noted that the γ5
matrix is that in 2d dimensions in the ordinary sense, although we are dealing with a model
in d spatial dimensions. This symmetry seems artificial, since the chemical potential term and
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many other terms with some products of γ matrices break chiral symmetry. According to the
Altland-Zirnbauer classification scheme,18, 19) the model only with particle-hole symmetry (3)
is classified as class D, which is the most generic class of superconductors, whereas the model
with an additional symmetry (4) belongs to class BDI, which is the time reversal invariant
chiral class.20, 21)
Even with such an enhanced symmetry (and although we have neglected background gauge
fields for simplicity), the minimal model (1) is nevertheless useful for clarifying the topological
stability of the Majorana zero modes, as we shall show momentarily. When d = 2, it has a
deep relationship with a Dirac fermion coupled to a Higgs field with a vortex background.22)
Jackiw and Rossi22) have derived the zero mode wave functions of this model explicitly. It has
been shown by Weinberg23) that these zero modes are indeed ensured by the index theorem,
even though this model is defined for the noncompact two-dimensional space R2. The model
in three dimensions is associated with a Dirac fermion coupled to a Higgs field with a ’t
Hooft-Polyakov monopole24, 25) background whose index theorem, surprisingly valid for open
and odd-dimensional spaces, has been derived by Callias.26) In what follows, we first prove
the index theorem for the Hamiltonian (1) simultaneously in d = 2 and d = 3 cases using the
method developed by Weinberg,23) and next, we discuss the effect of the chemical potential
that breaks chiral symmetry.
Let us first define the index of the Hamiltonian (1) by indH = N+−N−, where N± denote,
respectively, the number of zero modes of (1), Hϕ±0,i = 0, with ± chirality, γ5ϕ
±
0,i = ±ϕ
±
0,i.
This can be written as
indH = lim
m→0
Tr γ5
m2
−D2 +m2
, (5)
where Tr denotes the trace over the space coordinates as well as the γ matrices. On the other
hand, it is well-known that in the large mass limit, the same quantity yields the topological
invariant
cd = lim
M→∞
Tr γ5
M2
−D2 +M2
, (6)
where cd is the dth Chern number
27) if d = even, while cd = 0 if d = odd. It is possible to
express Tr in both eqs. (5) and (6) using the eigenstates of the Hamiltonian, Hϕn = λnϕn.
In the case of nonzero energies, ϕ−n ≡ γ5ϕn has the energy λ−n ≡ −λn, and hence, these
two states are orthogonal to each other,
∫
ddxϕ†nγ5ϕn =
∫
ddxϕ†nϕ−n = 0. Then, it is easy to
see that eqs. (5) and (6) give the same index of the Hamiltonian. However, in the plane-wave
basis, the above two quantities become two kinds of different invariants, giving a nontrivial
relationship between them. The necessity of two kinds of masses is manifested when the axial-
vector current is introduced such that
J i(x,m,M) = lim
y→x
tr γ5γ
i
(
1
D +m
−
1
D +M
)
δ(x − y)
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= − lim
y→x
tr γ5γ
iD
(
1
−D2 +m2
−
1
−D2 +M2
)
δ(x− y), (7)
where tr denotes the trace over the γ matrices, and in deriving the second line, we have used
the fact that D anticommutes with γ5. The first term is, in the limit of m→ 0, the axial-vector
current of the model under consideration, while the second term is the Pauli-Villars regulator
whose mass M is set to infinity after the calculation. Such a regulator field is needed to make
the current well-defined.
It is well-known that the index (5) and the Chern number (6) have an intimate relationship
with the chiral anomaly, which yields an anomalous term to the conservation law of the
axial-vector current. To see this, it is convenient to describe the current on the basis of
eigenstates of the Hamiltonian. The completeness of eigenstates of the hermitian Hamiltonian,∑
n ϕn(x)ϕ
†
n(y) = δ(x− y), leads to
J i(x,m,M) = −
∑
n
ϕ†n(x)γ5γ
i(−iλn)
(
1
λ2n +m
2
−
1
λ2n +M
2
)
ϕn(x).
Then, the divergence of the current is easy to compute, since the derivative ∂i operates only
on the wave functions in the above expression. After some calculations, in particular, using
the relation γj∂jϕn = i(γ
aφa − λn)ϕn, we obtain
∂iJ
i(x,m,M) = −2
∑
n
ϕ†n(x)γ5
(
m2
λ2n +m
2
−
M2
λ2n +M
2
)
ϕn(x).
It thus turns out that the divergence of the current (7) is given by
∂iJ
i(x,m,M) = lim
y→x
(−2)tr γ5
(
m2
−D2 +m2
−
M2
−D2 +M2
)
δ(x− y).
Integrating both sides over the space Rd and taking the limits m→ 0 and M →∞ yield
indH− cd = −
1
2
∫
ddx∂iJ
i(x, 0,∞)
= −
1
2
∫
dSiJ
i(x, 0,∞), (8)
where dSi is the infinitesimal surface element on S
d−1, i.e., the boundary of Rd at |x| → ∞.
This equation indicates that in even dimensions if the space manifold is closed, the surface
term above vanishes, and the index of H is just given by the Chern number cd. For generic
open manifolds, the index theorem is modified by the surface term given directly by the axial-
vector current. It should be noted that in the present model (1), cd always vanishes since we
have neglected the gauge fields, for simplicity, and thus, the index of the Hamiltonian, which
is due to the Majorana zero modes, is given not by the Chern number, but by the surface term
in eq. (8). This surface term is also a topological number associated with the configuration of
the order parameter φ at |x| → ∞, as we shall see below.
To compute the surface term, we now calculate the axial-vector current (7) in the plane-
wave basis. To this end, note −D2 = −∂2j + φ
2
a + γ
jγa(i∂jφa). Therefore, at |x| → ∞, we
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have
e−ikx(−D2)eikx = k2j + φ
2
0 + γ
jγa(i∂jφa)− ∂
2
j − 2ik
j∂j,
where we have used eq. (2). This leads to
J i(x,m,M) = −
∫
ddk
(2π)d
tr γ5γ
ie−ikxD
(
1
−D2 +m2
−
1
−D2 +M2
)
eikx
= −
∫
ddk
(2π)d
tr γ5γ
i
(
D + iγjkj
)
×
(
1
k2j + φ
2
0 +m
2 + γjγa(i∂jφa) +O
−
1
k2j + φ
2
0 +M
2 + γjγa(i∂jφa) +O
)
= −
∫
ddk
(2π)d
tr γ5γ
i
(
D + iγjkj
) ∞∑
n=0
(−)n
[
1
(k2j + φ
2
0 +m
2)n+1
−
1
(k2j + φ
2
0 +M
2)n+1
]
×
[
γjγa(i∂jφa) +O
]n
,
where O ≡ −∂2j − 2ik
j∂j . Note that tr γ5Γ, where Γ is a product of γ matrices Γ ≡ γ
µγν · · · ,
can be nonzero only when Γ includes at least as many as 2d γ matrices, which occurs in the
n = 1 (n = 2) term for d = 2 (d = 3) in the above expansion. Using tr γ5γ
µ1γν1 · · · γµdγνd =
(2i)dǫµ1ν1···µdνd , we have in the case of d = 2,
J i(x, 0,∞) =
1
4πφ20
tr γ5γ
i(−iγaφa)γ
jγb(i∂jφb) +O(|x|
−2)
=
1
π
ǫijǫabφˆa∂jφˆb +O(|x|
−2),
where φˆa = φa/φ0 is the normalized field, |φˆ| = 1, at |x| → ∞. Note here that ∂iφa ∼ O(|x|
−1)
since |φ| approaches a constant value. In the case of d = 3,
J i(x, 0,∞) = −
1
32πφ30
tr γ5γ
i(−iγaφa)γ
jγb(i∂jφb)γ
kγc(i∂kφc) +O(|x|
−3)
=
1
4π
ǫijkǫabcφˆa∂j φˆb∂kφˆc +O(|x|
−3).
Substituting these into eq. (8), we obtain
indH =


−
1
2π
∫
dxiǫabφˆa∂iφˆb (d = 2)
−
1
8π
∫
dSiǫ
ijkǫabcφˆa∂j φˆb∂kφˆc (d = 3)
. (9)
Since in eq. (9), φˆ is a unit vector with d components defined at |x| → ∞ of Rd, φˆ can be
regarded as a mapping from Sd−1 to Sd−1. It is well-known in mathematics that πd−1(S
d−1)=Z,
implying that such a mapping is classified by integers. The r.h.s. of eq. (9) denotes exactly
the winding number of φˆ over Sd−1 at |x| → ∞.
In the case of the Fu-Kane model,6) we can choose φˆ = (cos qθ, sin qθ) at r → ∞ if we
consider a generic vortex with vorticity q. Substituting this into eq. (9), we then see that
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the winding number in eq. (9) is exactly −q, implying that the Hamiltonian has at least
q zero modes. It is not difficult to solve the eigenvalue equation and to show that such a
vortex indeed admits exactly q zero modes. The r.h.s. of eq. (9) in the case of d = 3 has been
derived by Teo and Kane12) as a topological invariant for the many-body ground state of the
model. They have calculated the third Chern number13) associated with non-Abelian Berry’s
connection and shown that it reduces to the winding number of the order parameter over S2. In
the present calculations, without resorting to adiabatic assumptions, we have established the
index theorem that is directly related to the analytic invariant associated with the Majorana
zero modes with the topological invariant of the order parameter.
Thus far, we have derived the index theorem for a superconductor-topological insulator
model in the case where it has not only particle-hole symmetry but also chiral symmetry.
However, let us consider the term H′ = iγaγbnab, for example. We see that it transforms as
CH′C−1 = −H′, but γ5H
′γ5 = +H
′. Therefore, generic Bogoliubov-de Gennes Hamiltonians
have broken chiral symmetry. In particular, the chemical potential is one of the most important
terms breaking chiral symmetry when we study the superconductivity. Hence, we will next
investigate the effect of the chemical potential term −µβ that breaks chiral symmetry, where
β is a matrix with the transformation properties CβC−1 = −β and γ5βγ
−1
5 = +β.
28) When
µ is a small constant, the perturbation theory indicates that the leading order corrections of
the energies are given by the eigenvalues of the matrix H′ij = −µ〈ϕ0,i|β|ϕ0,j〉, where |ϕ0,i〉
denotes the ket notation of the unperturbed ith zero mode wave function. In general, we can
choose |ϕ0,j〉 = C|ϕ0,j〉, as already discussed. Then, we see that each matrix element is purely
imaginary, H′∗ij = −H
′
ij because of the particle-hole symmetry of β. It thus turns out that H
′ is
an antisymmetric purely imaginary matrix. Without further symmetries, off-diagonal matrix
elements of H′ do no vanish generically.29) This leads to an interesting suggestion5) that if an
unperturbed (µ = 0) system admits several zero modes, some of them couple together through
the chemical potential term and become nonzero energy states such that two states form a
pair with opposite energies. This is due to particle-hole symmetry. Namely, an even number of
zero modes become nonzero energy modes if the chemical potential term is switched on. This
implies that in a system with an odd number of unperturbed zero modes, there remains at
least one zero mode even if any perturbations with particle-hole symmetry are added. In other
words, the rank of an antisymmetric matrix is always even, implying that odd-dimensional
H′ has inevitably an odd number of zero eigenvalues. We thus conclude that Majorana zero
modes bound to a pointlike defect are classified by Z for class BDI, whereas they are classified
by Z2 for class D. This is consistent with the results obtained by Tewari et. al.
5)
Finally, we present, as a nontrivial example, an explicit wave function of a zero mode in
the Fu-Kane model6) with a q = 1 vortex. With the γ matrices given in,17) the zero mode
6/8
J. Phys. Soc. Jpn. Letter
wave function obeys (
iσj∂j − µ φ1 − iφ2
φ1 + iφ2 −iσ
j∂j + µ
)(
ξ
η
)
= 0.
Note that φ1 − iφ2 = ∆0(r)e
−iθ, and that particle-hole symmetry makes it possible to choose
η = −σ2ξ
∗.30) Then, the above equation reduces to(
iσj∂j − µ
)
ξ −∆0(r)e
−iθσ2ξ∗ = 0. (10)
If we further set ξT = (v, u), we see that when µ = 0, two equations for u and v are decoupled,
and the normalizable solution is given by v = 0 and
u(r, θ) ∝ e−
∫
r
dr′∆0(r′),
which was obtained in Ref.6) Here, we have assumed that ∆0(r) > 0 for r → ∞. This wave
function has chirality −1, and hence, the index of this model is −1. The above discussions on
the classification scheme for classes BDI and D suggest that the present zero mode is stable
against perturbations breaking chiral symmetry. Indeed, even when µ 6= 0, eq. (10) has the
following normalizable wave function:
ξ(r, θ) ∝ e−
∫
r
dr′∆0(r′)
(
−ie−iθJ1(µr)
J0(µr)
)
,
where Jn(x) is the Bessel function.
In conclusion, we have derived the index theorem (9) for the model of a superconductor-
topological insulator system in class BDI proposed by Kane et al. This ensures the topological
stability of the Majorana zero modes bound to a topological defect. For a model in class D, i.e.,
a model with particle-hole symmetry only, we have suggested that zero modes are classified
by Z2. Namely, only the parity (evenness or oddness) of the number of zero modes (the index,
in other words) in class BDI is invariant against chiral symmetry breaking perturbations.
We would like to thank A. Furusaki for useful comments on the universality classes of
topological insulators and superconductors, and also C. L. Kane and the Referee of JPSJ for
pointing out the Z2 classification of zero modes in class D. This work was supported in part
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